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Rethinking the sphere of influence.

n this article, we illustrate some examples

of how using spheres for computational

electromagnetics (CEM) validation pro-

vides a range of challenges and broadly
meaningful results. We show how complica-
tions that arise with validating using spheres
can be representative of the issues that
occur when modeling more complex
objects. However, using spheres makes
it easier to identify and understand these
issues and discrepancies. We also describe
how spheres present demanding problems
for the CEM validation and benchmarking
of both small- and large-size problems.

Validating CEM tools can be exceedingly
challenging but is necessary to develop con-
fidence in codes before incorporating their
use in any number of potential design or

analysis workflows. Ideally, a fully validated
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As with any scientific software,
even with extensive unit and inte-
gration tests of code components
(e.g., geometry processing, integrals,
singularity handling, linear algebra
routines, etc.), there is still a need
for end-to-end runs that generate
predictions to validate code accu-
racy [1], [2]. Many of the difficul-
ties associated with validation arise
from the dearth of quality publicly
available reference data by which
to assess end-to-end code accuracy.

An obvious and common choice for reference data for CEM
validation is measurement data, such as anechoic chamber
measurements of radar cross-section (RCS) or antenna gain [3].
However, there are significant costs associated with the collec-
tion of high-quality measurement data, including everything
from building the actual validation models to costs associ-
ated with range time. In our experience, this leads to a limited
number of measurements collected and even fewer repeated
measurements to enable a statistical understanding of the exper-
imental uncertainty of measurements.

Typically, then, the approach is to provide ad hoc assess-
ments of measurement uncertainty (e.g., +1 dBsm) or to use the
noise floor or range sensitivity as a single metric. However, this
approach ignores the impact of a multitude of other sources of
uncertainty in the measurements. For example, discrepancies
between “as designed” and “as built” test fixtures can lead to
differences in results that might be falsely attributed to code
errors while actually reflecting an error in the model inputs.
Additionally, even with the most careful alignment, there is
likely some discrepancy between the measured and simulated
angle cuts. Chamber and target mounting effects can have unex-
pected impacts on measurements, and so on. Absent sufficient
measurement data to reach statistical significance, the complex
accumulation of all sources of uncertainty must be accounted
for to get a true handle on the overall experimental uncertainty
associated with a reference dataset.

All of this taken together means that perceived discrepan-
cies between reference data and CEM predictions may not,
in fact, be indicative of a failed tool validation. There is sig-
nificant value, then, in reference cases that have extremely low
uncertainty, especially if they are sufficiently complex so as to
capture many of the challenges that might arise with real-world
use cases. A natural choice for scattering problems is spheres,
which will be the focus of the rest of this article. Spheres have
a dynamic frequency response over a wide range of frequencies
and closed-form solutions for perfect electric conductors (PECs)
[4], impedance boundary conditions [5], [6], dielectrics [7], and
multilayer combinations of all [S]. Leveraging spherical symme-
try enables the statistical evaluation of CEM predictions, includ-
ing the analysis of highly structured bistatic scattering patterns.

That said, IEEE Standard 1597.1 notes some limitations in
the use of spheres for validation [9], and previous versions only
provided monostatic Mie series reference data for a PEC sphere

Perceived discrepancies
hetween reference data
and GEM predictions
may net, in fact, he
indicative of a failed
tool validation.

over a small range of sizes [10]. The
standard notes that spheres “may
not represent the real-world prob-
lem of interest to the user.”” How-
ever, given the diversity of potential
inputs into a CEM tool, no mat-
ter how complex the reference
problem, validated results for one
model likewise do not “guarantee
that simulations of reflections from
[another] complex object... will
produce a correct result,” so in our
view, spheres are no worse than any
other choice of model. The standard does recognize that closed-
form equations can be useful in understanding “the accuracy of
the final results,” and we address this in greater detail.

In this article, then, we aim to illustrate some examples of
how validating against spheres actually provides a range of chal-
lenges and broadly meaningful results for CEM validation. We
focus on far-field scattering effects, but this general approach
would be applicable to other quantities of interest, such as
current, gain, near field etc. Additionally, for the purposes of
conciseness and clarity, the examples we highlight in this article
are PEC spheres. However, the methodologies, nuances, and
recommendations discussed here apply equally well to the vari-
ety of sphere problems that can be constructed, and we strongly
recommend that sphere cases be utilized in the validation of
CEM codes that handle materials.

We will show how complications that arise when validating
with spheres can be representative of many issues that arise
when modeling more complex objects, such as mesh and model
convergence. Moreover, it is easier to identify and understand
discrepancies when the reference data are of exceptionally high
quality. Thus, using spheres can help CEM code developers and
users quantify errors and make decisions specific to their use
cases if that level of error is acceptable. Spheres also present
demanding problems in their own right, especially when con-
sidering the difficulties that come with CEM modeling at either
extreme of the size spectrum.

All numerical simulation results presented in this article are
solved using Riverside Research production- and research-grade
method of moments CEM codes. Mie series results are com-
puted using an arbitrary precision Mathematica implementation.

In addition to the uncertainty associated with validation data,
there are a number of sources of uncertainty associated with
simulated results. Quantifying this uncertainty for a complex
problem is not straightforward, although there is some recent
work to develop methods to assist with this [11], [12], [13]. Nev-
ertheless, one can use results from highly symmetric cases to
build statistics for a CEM code’s performance.

For example, consider a nominally 1-m-radius PEC sphere
at 300 MHz meshed at different densities with respect to
wavelength, A (Figure 1). Depending on the mesh density,
the sphere may look more like a disco ball than a sphere,
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FIGURE 1. (a) Very coarse and (b) very fine meshes for a 1-m-radius PEC sphere. (a) Sphere coarsely meshed at A/6. (b) Sphere

finely meshed at A/111.

but even at the finest meshes, we still
generally expect that the discretization
will lack the symmetry and smooth-
ness of the original sphere. Thus, there
will be some variability in the resulting
numerical solution arising from the dis-
cretization. We now show how one can
use this variation in monostatic RCS as
a function of all angles for this simple
and highly symmetric case to help esti-
mate the expected uncertainty in more
complex models.

Figure 2 shows the angle-dependent
variation from the median monostatic
RCS value for the two meshes shown
in Figure 1, paying careful notice to the
scale of the vertical axis. Both meshes
give results that vary as a function of
angle; however, the coarsely meshed
sphere has variability in the first dec-
imal place of RCS values (in dBsm),
while the fine mesh has that variability
in the third decimal. Many-angle RCS
statistics for a range of mesh densities
are provided in Figure 3, which high-
lights a clear relationship between mesh
density and solution uncertainty; finer
meshes have significantly lower varia-
tion in results compared to the coarser
“disco balls.”

While we present only limited statis-
tics here, for robust CEM validation, we
recommend using more extensive anal-
yses, including bistatics, many-angle
cuts, and additional mesh densities.
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FIGURE 2. Variation in monostatic RCS cut for (a) coarse and (b) fine meshes for a
1-m-radius PEC sphere. Note the difference in scale of the vertical axes. (a) Sphere
coarsely meshed at A/6. (b) Sphere finely meshed at 1/111. Deg.: degrees.
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This approach helps inform bounds on comparisons to reference
data in validation, and these uncertainties should be accounted
for when validating a CEM code or performing any other analy-
sis. Thus, in the remainder of this article, we include error bars
on results leveraging this approach whenever possible.

Furthermore, validating a CEM code using spheres in this
manner enables a CEM developer to provide their users with
standard guidelines for expected uncertainty in RCS results for
more complex models. This will help users and their stakehold-
ers understand the limitations and confidence in CEM-based
analyses. More generally, we also recommend following this
approach and using whatever model symmetries are available
in actual models of interest to evaluate the quality of CEM
predictions. With a well-validated code, this can help isolate and
distinguish between angle-dependent mesh-driven issues and
potential underlying issues with a CEM code.

MESH AND MODEL CONVERGENCE

Many complex models that represent real-world scattering prob-
lems have curved surfaces over at least some portion of their
geometry. While higher-order meshes can assist with capturing
curved geometries [14], flat geometry elements are a common
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FIGURE 3. Variability in monostatic RCS statistics for a nominally
1-m PEC sphere at 300 MHz for meshes of different densities.

FIGURE 4. The coarse mesh of a PEC cube with 47 m? area.

choice for discretization [15]. In these cases, it is easy to acciden-
tally conflate mesh convergence with model convergence. Since
spheres are smoothly curved everywhere, they provide a useful
model by which to highlight this.

As an illustration, consider the rate of convergence of RCS
with respect to mesh density for a PEC cube (Figure 4) and a
sphere of the same surface area (Figure 5). In this case, we com-
pare the sphere results to Mie theory [4], while lacking a theo-
retical reference, the cube results are compared to the results
for the finest mesh. These results indicate that for a given mesh
density, the cube appears to be more converged than the sphere.
Conversely, to achieve a given percent error, the sphere requires
a significantly finer mesh than the cube. This would seemingly
indicate that at a specific mesh density, the CEM tool is less
accurate for curved surfaces than flat surfaces. However, there
is a nuance with the sphere results that, once accounted for,
indicates equivalent accuracy for both flat and curved surfaces.

Consider a 2D cross-section of a meshed sphere (Figure 6),
very coarsely meshed for illustrative purposes. In all the
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FIGURE 5. The convergence of the RCS solution with respect

to mesh density for a PEC sphere and cube with 47 m? area.

FIGURE 6. Anillustration of the distinction between nominal
radius (black) and effective radius (green) for a discretized
curved geometry.
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meshing tools we have encountered,

the mesher attaches nodes to the 0.010F '

specified curved surface (black points i
in the image). Then, linear mesh ele- 0.008
ments (e.g., the pair of blue triangles) I
cut chords inside the nominal specified I

, : 0.006 -
surface (dashed lines). The resulting L

(m)

outcome is that the meshed surface = I
has an effective radius (green) that is s 0.004 i
actually slightly smaller than the nomi-
nal geometry. 0.002 |

For a reasonably meshed surface,

the difference between nominal and

effective radii, 6r, tends to be a small

I |
i[]zzi |

number (see Figure 7). However, 6

depending on the scattering regime,
this small discrepancy can lead to mea-
surable differences in the expected
RCS. Using Mie series results for the
RCS, 0 = M (r), we can differentiate to find the relative sensi-
tivity to small variations in radius and estimate

g=Aoc _ 1 dM

=0 % o dr or (1)

where 0, is the RCS at the radius of interest. This error var-
ies as a function of frequency, sometimes overpredicting and
sometimes underpredicting the RCS, with & decreasing as ka
increases (see Figure 8), where k is the wavenumber and a is the
radius. Even for large spheres, this error can be quite significant,
and while a smaller §r will reduce the overall error, there are
other considerations when using finer meshes, as we will discuss
in the “Spheres as a Challenge Problem” section.

Thus, the small discrepancies between the “as modeled”
and “as specified” radii can lead to small but nonnegligible dif-
ferences between theory and predictions. While we are only
describing spheres here, this nuance applies to any curved shape
and can confuse the interpretation of validation and mesh con-
vergence results. If the scattered fields are indeed a sensitive
function of the radius, it is still possible to get a false indication
of a “nonvalidated” code or incorrect RCS predictions of an
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The relative theoretical error in RCS for small
changes in radius.
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The distribution of ér for a 1-m sphere meshed to different mesh densities.

object of interest, even for a mesh density that yields converged
results for other models. This is not an issue of mesh conver-
gence as is typically understood to mean convergence to a level
that captures all relevant physics. Instead, it is an issue of the
convergence of the specified mesh model radius to the nominal
model radius, even if the physics is fully captured.

To illustrate this, in Figure 9, we analyze the RCS results
for a 1-m nominal radius PEC sphere as a function of different
mesh densities. In this case, the percent error is relative to the
Mie series RCS for the nominal PEC sphere. Simulated results
for a meshed sphere are shown in the orange dashed curve,
showing monotonic convergence to the nominal result. We
also computed the Mie series RCS for a sphere with the effec-
tive radius extracted from the mesh used for each simulation,
shown in blue. The uncertainty for these results is computed
from variability in the RCS arising from the distribution of
radii. The results for the simulated meshed model and the
theoretical RCS for the effective radius case are the same
(within uncertainty).
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The percent error between the nominal RCS of a
PEC sphere and (blue) the theoretical RCS of a sphere with
an effective radius given by the meshed model or (orange,
dashed) simulated results from the meshed model.
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This indicates that we are able to isolate mesh convergence
with respect to physics from mesh convergence with respect
to the nominal model. That is, once we account for the actual
effective mesh radius, RCS convergence in this case is largely
driven by the convergence of the mesh to the nominal radius
and not a physics-based limitation of the mesh or CEM formula-
tion. This is further highlighted in Figure 10, which shows how
the percent error computed with respect to the nominal radius
is generally more than an order of magnitude greater than the
error with respect to the effective meshed radius.

This insight provides guidance for code validation and CEM
code execution in general. Specifically, in addition to all the
concerns about “as designed” versus “as built” models, ana-
lysts must also take care to consider “as specified” versus “as
meshed.” In some cases, this might require designing models
for simulation with different nominal dimensions than the
actual physical hardware. Note that determining how to change
the nominal specification so that the resulting mesh meets
the desired dimensions will usually differ based on the model,
mesher, and mesh density and will likely require some experi-
mentation to determine best practices for each application. We
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from meshed models and theoretical results for the nominal
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meshed models (orange, dashed).
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Bistatic 66 polarization RCS of a 1-m-radius
PEC sphere solved at A =1,000 m. A standard electric
field integral equation (EFIE) misses the null at 60°, while
an implementation of [21] more accurately captures the
response. PBIE: potential-based integral equation.

want to reemphasize that this experimentation is purely on the
CAD/meshing side to ensure that the mesh best represents the
desired geometry and is different from mesh convergence to
ensure that the physics is correctly captured.

The idea that an electromagnetic model should have differ-
ent properties from the mechanical model it is based on should
not be a foreign one to CEM practitioners. This is, in some
respects, similar to approaches to modeling wires as flat strips
[16], [17], [18], where dimensions are chosen to capture the elec-
tromagnetic properties even though the model does not exactly
match the mechanical dimensions. Likewise, in this case, the
goal is to ensure that the mesh accurately matches the mechani-
cal dimensions by changing the nominal model from the actual
mechanical model.

In addition to serving as a simple representative for more com-
plex geometries, spheres can also serve as a challenge problem
for CEM methods in their own right. First, as previously dis-
cussed, meshing a nominal sphere to describe the geometry can
drive the mesh density to extremely small elements. In addition
to increasing the size of the resulting matrix problems that must
be solved, this presents other different challenges for lower or
higher frequencies.

At lower frequencies, the mesh required to describe the
geometry will lead to inaccurate solutions for some standard
CEM methods [15], [19], [20], which can require novel methods
to accurately capture the effects. For example, Figure 11 shows
how a standard electric field integral equation (EFIE) gener-
ates solutions that miss the null, while other methods capture it.
Figure 12 highlights how a standard EFIE and a potential-based
integral equation (PBIE) [21] demonstrate growth in the solution
matrix condition number at different rates for smaller spheres
(i.e., ka < 0.1), while other methods, like the nonresonant cur-
rent-charge integral equation (NRCCIE), are more stable [22].

At higher frequencies, the problem sizes grow and require
other methods to solve efficiently [23], [24], [25]. For example,
using an H-matrix approach, spheres tend to have a much
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The solution matrix condition number as a
function of sphere size for several methods of moments
CEM methods. NRCCIE: nonresonant current-charge integral
equation.
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The hierarchical H-matrix structure for a similarly sized (a) sphere and (b) pipe geometry, each with approximately
20 million unknowns. (a) Hierarchical matrix structure for a sphere. (b) Hierarchical matrix structure for a pipe.

more complex hierarchy and lower compression than similarly
sized problems with higher aspect ratios. This is largely due to
the fact that points on a sphere all have similar distances from
all other points, reducing admissibility. For example, consider
similarly sized spherical and pipe geometries, chosen to yield
the same surface area and the same number of unknowns. That
is, we choose a pipe with 8 = length/radius = 10 and infinitely
thin walls, such that rfphere/r%ipc = B/2. Figure 13 shows the
H -matrix structures resulting from problems with 20 million
unknowns generated from these geometries.

In this case, the spherical geometry has a very fine
structure in the hierarchy, in contrast to the pipe geom-
etry, which has very large off-diagonal compressed blocks.
We have found that the flatter hierarchy of the sphere
greatly affects the performance of the resulting operations
(e.g., matrix factorization and solve) since it leads to many
more smaller hierarchical blocks that must be looped over
and operated on. That is, solver performance suffers as entire
H -matrix substructures must be perused and updated for
a structure that largely resembles a block low-rank matrix
instead of a hierarchical matrix. In contrast, operating on the
very hierarchical large off-diagonal blocks, as seen with the
pipe, yields significantly less overall computational expense.
We have seen indications that this trend continues with
FH?-methods, with poorer scaling for both storage requirements
and runtime when comparing spheres to other shapes [26].
Thus, benchmarking CEM methods using large spheres serves
as a challenge case for many advanced solver methods used for
higher frequency problems.

There is also a challenge in generating theoretical reference
data for larger spheres. The larger the sphere, the more terms
in the Mie series are required, with the larger arguments in
the spherical Bessel and Hankel functions challenging many
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numerical Mie series implementations. We recommend the
use of arbitrary precision Mie series calculations to generate
the reference data for larger spheres as the usual methods may
lead to incorrect conclusions about CEM code validation (see
Figure 14). For example, we found that 413 digits of precision
were required when generating validation reference data for
a ka = 350 PEC sphere. Note that although the RCS magni-
tude approaches 7za” for large radii, Mie series results are still
valuable for evaluating the phase as well as the near fields for
larger spheres.

In this article, we illustrated some examples of how spheres
provide a range of challenges and broadly meaningful results
for CEM validation. We showed how the difficulties that arise
when validating with spheres can be representative of many
issues that occur when modeling more complex objects but
can make it easier to identify and understand discrepancies.
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The Mie series solution for scattering cross-section
computed using arbitrary precision methods and [27].
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Although spheres do not typically represent interesting real-
world problems in their own right, the fact that spheres have
closed-form solutions and a high degree of symmetry provides
high-quality reference data. Lessons learned performing CEM
validation using spheres can provide developers and practitio-
ners with useful and important results that can be more broadly
applied to more “interesting” objects.

We highlighted how using spheres enables CEM developers
to build meaningful statistics about code accuracy and perfor-
mance, which can then be used to help interpret results from
more complex models. We also illustrated how validation using
spheres highlights the challenges associated with model and
mesh convergence as well as the importance of distinguishing
between as specified and as meshed, in addition to distinctions
between as built and specified. We also showed how spheres
present demanding problems for CEM validation and bench-
marking, for both small and large spheres.
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